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a b s t r a c t
In this paper, we prove that the average degree of ∆-critical graphs with ∆ = 6 is at
least 6613 . It improves the known bound for the average degree of 6-critical graphs G with|V (G)| > 39.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
Let G be a graph with vertex set V and edge set E. A k-vertex (or (≤ k)-vertex, (≥ k)-vertex) is a vertex of degree k (or
≤ k,≥ k, respectively). dk(x) (or d≤k(x), d≥k(x)) is the number of k-vertices (or (≤ k)-vertices, (≥ k)-vertices, respectively)
adjacent to x. Denote dk(x) + dj(x) by dk,j(x). For a vertex x ∈ V (G), let N(x) be the set of vertices adjacent to x, and d(x)
be the number of vertices adjacent to x. If y is adjacent to x, y is also called a neighbor of x. A k-neighbor of x is a neighbor
with degree k. A (≤ k) (or (≥k))-neighbor of x is defined similarly. For W ⊆ V , we use N(W ) to denotex∈W N(x), and if
W = {x, y}, we also use N(x, y) to denote N(W ).
A k-edge-coloring of a graph G is a function φ : E(G) −→ {1, 2, . . . , k} such that any two adjacent edges receive different
colors. The edge chromatic number of a graph G, denoted by χ ′(G), is the smallest integer k such that G has a k-edge-coloring.
Vizing’s Theorem [6] states that the edge chromatic number of a graphG is either∆ or∆+1,where∆ denotes themaximum
degree of G. A graph G is class one if χ ′(G) = ∆ and is class two otherwise. A connected class two graph G is critical if
χ ′(G− e) < χ ′(G) for each edge e of G. A critical graph G is∆-critical if it has maximum degree∆.
Let G be a∆-critical graph with n vertices andm edges, Vizing [7] conjectured thatm ≥ 12 [(∆− 1)n+ 3] if∆ ≥ 3.
This conjecture has been verified for the case∆ ≤ 6 (see [1–4]) and it is still open for the case∆ ≥ 7. By [4] we know that
the average degree of any 6-critical graph is at least 5+ 3|V (G)| . In fact, the lower bound can be improved. In 2008, Woodall
made the following conjecture about 6-critical graphs:
Conjecture ([8]). Let G be a 6-critical graph with average degree q, then q ≥ 387 .
In Section 3, by the use of some lemmas of critical graphs, we give a new lower bound for ∆ = 6, which improved the
known result when |V (G)| > 39.
Theorem. Let G be a 6-critical graph with n vertices and m edges. Then m ≥ 12qn, where q = 5 113 .
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2. Properties of critical graphs
This section introduces some useful lemmas on properties of ∆-critical graphs which will be used in the proof of our
main result.
Lemma 2.1 (Vizing’s Adjacency Lemma (VAL) [7]). Let xy be an edge in a∆-critical graph G. Then y has at least max{∆−d(x)+
1, 2} neighbors of degree∆.
The following Corollary 2.2 is an easy consequence of Lemma 2.1.
Corollary 2.2. Let xy be an edge in a∆-critical graph G. Then
d(y) ≥ ∆+ 2− d(x). (1)
Lemma 2.2 ([5,9]). Let G be a∆-critical graph, xy ∈ E(G), and d(x)+ d(y) = ∆+ 2, then
(a) every vertex of N(x, y) \ {x, y} is a∆-vertex;
(b) every vertex of N(N(x, y)) \ {x, y} is of degree at least ∆− 1;
(c) if both d(x), d(y) < ∆, then every vertex of N(N(x, y)) \ {x, y} is a∆-vertex.
Lemma 2.3 ([4]). Let G be a∆-critical graph with∆ ≥ 5 and x be a 3-vertex. Then in N(x) there are at least two∆-vertices not
adjacent to any (≤ ∆− 2)-vertices except x.
Lemma 2.4 ([4]). Let G be a∆-critical graph with∆ ≥ 6 and x be a 4-vertex.
(a) If x is adjacent to a (∆− 2)-vertex, say y, then N(N(x)) \ {x, y} ⊆ V∆;
(c) If x is adjacent to a (∆−1)-vertex, then there are at least two∆-vertices in N(x)which are adjacent to atmost two (≤ ∆−2)-
vertices. Moreover, if x is adjacent to two (∆ − 1)-vertices, then each of the two ∆-neighbors is adjacent to exactly one
(≤ ∆− 2)-vertex, which is x.
3. Main result
We will prove the theorem by the discharge method. Assume that G is a 6-critical graph. For each x ∈ V (G) we call
M(x) = d(x)− q the initial charge of the vertex xwhere q = 5 113 . We will assign to each vertex x a new charge denoted by
M ′(x) according to the following rules such that
∑
x∈V (G)M(x) =
∑
x∈V (G)M ′(x). It suffices to prove thatM ′(x) ≥ 0 for each
x ∈ V (G).
If x ∈ V , and d(x) = d, we denote the degrees of neighbors of x as δ1(x) ≤ δ2(x) ≤ · · · ≤ δd(x), and the relevant vertices
as x1, x2, . . . , xd.
Recall that ∆ = 6 and q = 6613 . We use the following discharging rules. Note that, by Lemma 2.2(a), x has exactly one
2-neighbor in R1.3 if d(x) = 6 and exactly one 3-neighbor in R2 if d(x) = 5.
R1 Suppose d(x) = 6.
R1.1 If δ1(x) ≥ 5, x sends 213 = ∆−q∆ to each of its neighbors.
R1.2 If 3 ≤ δ1(x) ≤ 4, x sends
 12
13 − j× 126
× 1k = [(∆− q)− j× 12 × (q− ⌊q⌋)] × 1k to each of its (≤ 4)-neighbors,
and sends 126 = 12 × (q− ⌊q⌋) to each of its 5-neighbors, where k = d3,4(x) and j = d5(x).
R1.3 If δ1(x) = 2, x sends 2013 = q−22 to its 2-neighbor.
R2 Suppose d(x) = 5
If δ1(x) = 3, x sends 413 = 4q− ⌊q⌋ − 2∆− 3 to its 3-neighbor.
We now show thatM ′(x) ≥ 0 for every vertex x. There are five cases, depending on the degree of x.
Case 1 d(x) = 2. Then M(x) = 2 − 6613 = − 4013 . By (1), both neighbors of x are ∆-vertices. Thus, by R1.3, M ′(x) =
M(x)+ 2× 2013 = 0.
Case 2 d(x) = 3. Then M(x) = 3 − 6613 = − 2713 . By (1), δ1(x) ≥ 5. By VAL, each neighbor of x has at least four ∆-neighbors.
By Lemma 2.3, at least two neighbors of x are∆-vertices that are not adjacent to any (≤ 4)-vertex except x, and these two
together send at least 2×  1213 − 126  = 2313 to x by R1.2 with k = 1 and j ≤ 1. Let the remaining neighbor of x be y. There are
two subcases:
Subcase 2.1 δ1(x) = 5. Then d(y) = 5, and y sends 413 to x by R2. ThusM ′(x) ≥ M(x)+ 2313 + 413 = 0.
Subcase 2.2 δ1(x) = 6. Then d(y) = 6, and y sends 1213 × 12 to x by R1.2 with j+ k ≤ 2 (the worst case being when k = 2 and
j = 0). ThusM ′(x) ≥ M(x)+ 2313 + 613 = 213 > 0.
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Case 3 d(x) = 4. Then M(x) = 4 − 6613 = − 1413 . By (1), δ1(x) ≥ 4. By VAL, each neighbor of x has at least three ∆-neighbors
and so
each neighbor of x has at most three ( ≤ 5)-neighbors. (2)
We consider the following four subcases:
Subcase 3.1 δ1(x) = 4. Let y ∈ N(x) and d(y) = 4. By Lemma 2.2(a) and (c), x has three ∆-neighbors, each of which has no
(< ∆)-neighbor except x and possibly y. By R1.2 with k ≤ 2 and j = 0,M ′(x) ≥ M(x)+ 3× 1213 × 12 = 413 > 0.
Subcase 3.2 δ1(x) = δ2(x) = 5. By VAL and Lemma 2.4(c) and (2), x has two ∆-neighbors, each of which has one (≤4)-
neighbor (namely x) and at most two 5-neighbors. By R1.2 with k = 1 and j ≤ 2, M ′(x) ≥ M(x) + 2 ×  1213 − 2× 126  =
8
13 > 0.
Subcase 3.3 δ1(x) = 5, δ2(x) = 6. By Lemma 2.4(c) and (2), x has at least two∆-neighbors that are adjacent to at most two
(≤ 4)-vertices, for which we can take k ≤ 2 and j+ k ≤ 3 in R1.2, and for the remaining∆-neighbor of xwe can take k ≤ 3
and j+ k ≤ 3 in R1.2. ThusM ′(x) ≥ M(x)+ 2×  1213 − 2× 126 + 1213 × 13 = 113 > 0.
Subcase 3.4 δ1(x) = 6. By (2), for each of the four ∆-neighbors of x, j + k ≤ 3 in R1.2. The worst case is when j = 0 and
k = 3, so thatM ′(x) ≥ M(x)+ 4× 1213 × 13 = 213 > 0.
Case 4 d(x) = 5. ThenM(x) = 5− 6613 = − 113 . By (1), δ1(x) ≥ 3. By VAL, x has at least two∆-neighbors, each of which sends
x at least 126 by R1.1 and R1.2, and so if δ1(x) > 3 thenM
′(x) ≥ M(x)+ 2× 126 = 0.
If δ1(x) = 3 then x gives 413 to its 3-neighbor y by R2, but, by Lemma 2.2(a) and (c), x has four∆-neighbors, two of which
can be adjacent to y and so give at least 126 to x by R1.2, and the others have no (≤ 5)-neighbor other than x and so give 213
to x by R1.1. ThusM ′(x) ≥ M(x)− 413 + 2× 213 + 2× 126 = 0.
Case 5 d(x) = 6. ThenM(x) = 6− 6613 = 1213 .
If δ1(x) = 2, by Lemma 2.2(a) and (b), x has five∆-neighbors; one of them can be adjacent to the 2-neighbor of x, but at
least four of them have no (≤ 4)-neighbor. By R1.1 and R1.3,M ′(x) ≥ M(x)+ 4× 213 − 2013 = 0.
If δ1(x) ≥ 3 then either x sends 213 to each of its six neighbors by R1.1, or else x sends j× 126 to j 5-neighbors and 1213− j× 126
in total to its remaining neighbors by R1.2. In either case,M ′(x) ≥ 0. This completes the proof.
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